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In recent years early detection of structural damage (detecting incubation of damage) has received great
attention in the structural health monitoring ﬁeld. However, extraction of lower scale information to
quantify the degree of damage is a challenging task, especially when the detection is based on macro-
scale acoustic wave signals. All materials exhibit dependence on the intrinsic length scale. An attempt
is made in this paper to extract lower scale feature from the macro-scale wave signal using nonlocal elas-
ticity theory. The Christoffel solution has been modiﬁed using nonlocal parameters. The dispersion curves
are generated for anisotropic solids using perturbation parameter through nonlocal theory. Dispersion
curves are sensitive to initiation of damage in anisotropic solids at the intrinsic-length scale. In this paper
detection of initiation of damage in a 4 mm carbon composite plate is demonstrated by employing non-
local perturbation parameter and formulating a new Nonlocal Damage Index (NDI). The nonlocal theory
is used to demonstrate the early prediction of failure of the system and to show progressive evolution of
the damage.
 2011 Elsevier Ltd. All rights reserved.1. Introduction
Carbon ﬁber composite materials are the most popular alterna-
tive structural materials in the aviation industry. However, the
composite materials are susceptible to internal or interfacial dam-
ages during the operation and maintenance. These damages may
occur due to impact events or damage growth under variable and
repeated loading conditions. Such initiation of damage results in
accumulated micro voids, matrix cracking, eventually delamina-
tion and component disbond etc. Continuous evaluation of the
damage sites using embedded and in situ damage diagnosis sys-
tems are the inevitable solution towards monitoring the health
(Qing et al., 2007) of the structure. However, there are many chal-
lenges that are associated with detecting the incubation of damage
before the damage manifests at the macro scale. Large impacts can
cause serious delamination in composites and can be detected very
easily. However, low velocity impacts and also the regular use in-
duce damages that cannot be detected so easily. Such damages are
incipient and can cause catastrophic failure if unnoticed at the ear-
lier stage. Carbons composites have high frequency dependent
attenuation. Therefore usually low frequency guided Lamb waves
are used for damage detection in carbon composites. However,ll rights reserved.
elke), souravb@acellent.com
amjad@physik.uni-leipzig.desuch low frequencies are not sensitive to the damages which are
smaller than the wavelength of the propagating wave.
Mal et al. (1991) experimentally and theoretically showed that
reﬂection spectra are strongly affected by delamination in compos-
ite plates. Chimenti and Martin (1991), Ditri et al. (1992), Guo and
Cawley (1993), Kundu et al. (1996), Maslov and Kundu (1997) and
Wang and Chang (1999) have utilized various sensors for generat-
ing ultrasonic Lamb waves in composites and developed different
damage detection frameworks.
It is well known (Kim and Grill, 1998), that small changes in the
time of ﬂight (TOF) of in propagating wave modes are related to
the perturbation originating from the atomic scale. Grill et al.
(1996, 2010) and Wolfe (1998) have systematically demonstrated
through several experimental investigation that at frequencies
>80 MHz the change in TOF of Lamb wave is highly sensitive to
the micro changes in the materials in comparison to the changes
in amplitude of the transient signals.
It has been established that almost all material behaviors show
strong dependency on the length scales. However, classical elastic-
ity theories are independent of the length scale and are insufﬁcient
to predict the behavior at variable temporal and spatial scales. It is
inevitable that the guided wave signals saturating the structure is
not independent of the material length scale. Lack of consideration
of scaling laws in materials modeling creates some ambiguity in
the material response (Bazant and Planas, 1998). The stress
singularities at the crack tip and non dispersive behavior of the
waves at high frequencies are few of the discrepant behaviors
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voids, dislocations and disinclinations or presence of impurities
cause strain singularities (Lazar et al., 2006). Linear elastic theories
are well behaved at low frequencies. However, at the scale where
wavelengths are comparable with inter-atomic distances, contin-
uum theory breaks down. The continuum theory was modiﬁed to
incorporate the effects of lower length scales using non-local the-
ory (Eringen, 1983, 2002). To achieve this goal Kröner and Datta
(1966) adopted the non local theory of materials to calculate the
perturb velocity in the anisotropic crystals from the solution of
Christoffel’s-nonlocal equation. The non-local theory was ﬁrst pro-
posed by Kröner and Datta (1966) and then extended by Eringen
(1983, 2002). In nonlocal approach, strain gradients are modiﬁed
in the governing momentum equilibrium equation to take into ac-
count the effect of the long range force (Eringen, 1977). Non-local
theory for anisotropic solids considers the spatial variation of
elastic modulus, governed by singular non-local kernel function
(Eringen, 1977). For long wavelength and low frequency nonlocal
theory converges to classical continuum theory. At high frequency
and low wavelength, comparable to lattice distances of the crystal,
nonlocal theory predicts realistic dispersion relationship.
Multi-scale material modeling has been recently considered in
structural health monitoring (SHM). Multi-scale modeling is capa-
ble of migrating information from the lower scales, which makes it
suitable for early prediction of initiation of damage (Banerjee,
2009). However, in SHM it is difﬁcult to extract micro-scale infor-
mation from the Lamb wave signals. The challenge lies in relating
the small scale material damage information to global macro-scale
response of the material. Unfortunately continuum theories are
unable to predict the response at variable length scales. Moreover,
even the signature shows changes, it is extremely challenging to
quantify such damages using a meaningful representative number,
which is extremely important for SHM.
In the present work, mode selective excitation and detection of
ultrasonic Lamb waves by piezoelectric transducer on carbon com-
posite plates (anisotropic solid) is studied. The frequency depen-
dent dispersion of Lamb waves in anisotropic plate (carbon
composite) is investigated through TOF. The changes in TOF are
correlated to damage index through non-local perturbation theory.
Creation of quantiﬁable (or known amount of) low scale damage in
the controlled laboratory environment is extremely difﬁcult and
detecting as well as quantifying it by the non destructive testing
techniques is next to impossible. To the best of authors’ knowledge
no such attempts have been made. Fatigue testing can cause low
scale damages but those are not quantiﬁed and the degree of dam-
age is not known during the test without destroying the specimen.
In this research an attempt has been made to introduce such quan-
tiﬁable low scale damage although the accuracy of the technique is
debatable.2. Mathematical derivation
2.1. Nonlocal kernel and operator
Extensive study on material characterization enhances the
understanding of the response at variable length scale and
provides guidelines for assumptions of suitable nonlocal kernel
functions. From ab initio dynamics study (Picu, 2002), the kernel
function can be calculated. It is evident (Silling, 2000) that a unique
operator exists for the nonlocal kernel to be the Green’s function in
speciﬁed L2 space. Nonlocal elasticity includes the effect of long
range inter atomic force and it can be used as a continuum model
of the atomic lattice dynamics. Lattices are repeated in a crystal
and hence the continuum model of the atomic lattice dynamics in-
cludes wave propagation in a periodic structure (Brillouin, 1953).Periodicity exists both in the direct lattice and reciprocal lattice
systems. The vector in reciprocal lattice is a propagation vector
of wave propagating in the direct lattice. Therefore, the wave fre-
quency is a periodic function of the wave vector in the reciprocal
lattice. Wave numbers are the magnitudes of the wave vectors in
reciprocal lattices. Let us assume a position vector of a point
(Brillouin, 1953) in the direct lattice ~r ¼ a1~l1 þ a2~l2 þ a3~l3 where,
~l1;~l2 and~l3 are the basis vectors of the lattice. The wave potential
of a wave propagating through the lattice can be observed only
at the lattice points~r and the potential can be written as u = Aex-
p{i(k1a1 + k2a2 + k3a3 xt)}. The function u is periodic in ~k ¼
k1~m1 þ k2~m2 þ k3~m3. Where, ~k is the wave vector in reciprocal
lattice and ~m1; ~m2; ~m3 are the basis vectors in reciprocal lattice
system. There is an explicit relation between lattice vectors in re-
ciprocal and direct lattices ð~li  ~mkÞ ¼ dik, where, dik is the Kronecker
dsymbol. Hence, the similar potential is true for a wave vector
~k0 ¼~kþ~g, where, ~g is a suitable translation vector ð~g ¼
n1~m1 þ n2~m2 þ n3~m3Þ in reciprocal lattice system. There is a speciﬁc
periodic relationship between the frequency (x) and ~k to enforce
the lattice scale relationships (Brillouin, 1953). Such relation must
satisfy the boundary conditions at the boundaries of the Brillouin
zones (Brillouin, 1953), speciﬁcally at the boundaries of the ﬁrst
Brillouin zone. Functional relationship presented by Born-Von
Kármán from the lattice dynamics study can be further approxi-
mated (Eringen, 1983). The approximated atomic dispersion rela-
tion can be written as
xið~kÞ
ci
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k21 þ k22 þ k23
 r ¼ 1
1þ e20‘2 k21 þ k22 þ k23
 n o ð1Þ
Let, e = e0‘ be the intrinsic length scale factor, and ‘ be the intrinsic
length scale such as the lattice dimension and eo be the nonlocal
parameter (Eringen, 1983). The suitable operator L can be written
as
L ¼ ð1 e2r2Þ ð2Þ
where, r2 is a three-dimensional Laplace operator. The suitable
kernel function can be written as Lazar et al. (2006)
jðjy  xjÞ ¼ 1
4p
1
c2p  c2s
1
jðy  xÞj fexpðjðy  xÞj=cpÞ
 expðjðy  xÞj=csÞg ð3Þ
where, c2p;s ¼ ðe0‘Þ
2
2 . Lazar et al. (2006) recommended the use of bi-
Helmholtz type operator to circumvent the problem of satisfying
the boundary conditions. According to Lazar et al. (2006), the atom-
ic dispersion relation can be written as
xið~kÞ
ci
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k21þk22þ k23
 r ¼ 1
1þ e20‘2 k21þk22þk23
 
þ f 40 ‘4 k21þ k22þ k23
 2 
ð4Þ
where, f0‘ is another intrinsic length scale factor. The operator
which can explicitly catch the dispersion equation at intrinsic
length scale have been derived by several researchers (Eringen,
1983, 2002; Silling, 2000; Picu, 2002) and adopted in the present
study. The suitable operator L can be written as
L ¼ 1 e20‘2r2 þ f 40 ‘4r4
 
ð5Þ
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kernel function can be written as Lazar et al. (2006)
jðjy  xjÞ ¼ 1
4p
1
c2p  c2s
1
jðy  xÞj fexpðjðy  xÞj=cpÞ
 expðjðy  xÞj=csÞg ð6Þ
where, c2p;s ¼ ðe0‘Þ
2
2 1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 4 ðf0‘Þ4ðe0‘Þ4
r 
:
2.2. Nonlocal continuum theory: equation of motion
Einstein index notations have been used throughout this paper
with indices taking values 1, 2 and 3. Let us consider a bodyXwith
boundary C. At any point y in X, the stress–strain relation can be
written as
rijðyÞ ¼ CijklðyÞeklðyÞ ð7Þ
where, Cijkl(y) deﬁnes the constitutive material properties at a point
y. According to the nonlocal elasticity, the stress at a point of inter-
est x(xn) can be written as
tijðxÞ ¼
Z
X
CijklðyÞjðjy  xjÞeklðyÞdX ð8Þ
where, j(jy  xj) is a nonlocal kernel or nonlocal modulus. Various
researchers investigated the suitable use of the nonlocal kernel for
speciﬁc problem formulation. A list of different types of kernel is
available in the literature (Eringen, 1983). A functional form of non-
local elasticity kernel is presented by Picu (2002) and the potential
is developed from a molecular dynamics study. From these past
studies, it is concluded that the kernel function can also be consid-
ered as the probability density function. The nonlocal kernels have a
few speciﬁc properties (Eringen, 1983). The Integro-differential
equation of motion at x can be written asZ
X
@
@xj
ðsijðyÞjðjy  xjÞÞdXðyÞ þ FiðxÞ ¼ qðxÞ€ukdik ð9Þ
The above equation can be manipulated in a different way by oper-
ating the equation with the operator L. Thus Eq. (9) can be written
as
Cijkl
Z
X
Ljðjy  xjÞekl;jðyÞdXðyÞ þ LFiðxÞ ¼ LðqðxÞ€ukÞdik ð10Þ
Cijkl
Z
X
dðjy  xjÞekl;jðyÞdXðyÞ þ LFiðxÞ ¼ LðqðxÞ€ukÞdik ð11Þ
Cijklekl;jðxÞ  LðqðxÞ€ukÞdik ¼ LFiðxÞ ð12Þ
Homogeneous solution of Eq. (12) can be seen as nonlocal solution
of Christoffel equation. The nonlocal Christoffel equation can be
written as
Cijkl
@2ukðx; tÞ
@xj@xl
 qðxÞLð€ukðx; tÞÞdik
" #
¼ 0 ð13Þ2.3. Nonlocal Christoffel equation
In this paper theoretical elastodynamic Green’s function is em-
ployed for calculation of wave velocities in anisotropic crystals
(quasi longitudinal, quasi shear wave). From this study it is found
that the perturbations in group velocities or the changes in slow-
ness direction are important indication of incubation of damage.
The study is efﬁcient in predicting the nonlocal parameter by sat-
isfying the boundary conditions at the ﬁrst Brillouin zone. Eigen
vectors and eigen values from the solution of Christoffel equation
will be useful to understand the behavioral changes in the solution
due to the incorporation of nonlocal parameters.This study is useful in two ways. If ab initio dynamics study is
performed on the damaged state of the material and the suitable
nonlocal parameter is known, the perturbed velocity proﬁle can
be calculated directly from the nonlocal Christoffel solution. How-
ever, on the other hand if we have the dispersed velocity proﬁle
with different nonlocal parameters plotted as a catalog; the exper-
imental value of wave velocity can be matched to predict the suit-
able nonlocal parameter for the material. This study will give a
parametric understanding of internal damage occurring even be-
fore the crack nucleation. This parameter can be used in elegant
prognostic theories to predict when the crack will nucleate based
on the present damage state at the intrinsic length scale.
Let us assume that the displacement wave potential in a mate-
rial is in the formuk = Akexp(ik. x  ixt). Substituting it in Eq. (13)
we get
CijklkjklAkeðik:xixtÞ  qðxÞð1 e2r2ðAkeðik:xixtÞÞ
hh
þ c4r4ðAkeðik:xixtÞÞÞðx2Þdik
ii
¼ 0 ð14Þ
Simplifying the above equation we can write
jCijklkjkl  qðxÞx2ð1þ e2jkj2  c4jkj4Þdikj
h ih i
Akeðik:xixtÞ
	 
 ¼ 0
ð15Þ
To have nontrivial solution of Eq. (15) one must satisfy
jkj2
qðxÞx2 Mik  ð1þ e
2jkj2  c4jkj4Þdik
" #" #
¼ 0 ð16Þ
where, Mik = Cijklnjnl, deﬁning
Mik
qx2 ¼ Iik and jkj2 ¼ k
2
1 þ k22 þ k23
 
, the
Eq. (16) can be written in the matrix form.
I11  e2 I12 I13
I21 I22  e2 I23
I31 I32 I33  e2
2
64
3
75

1
jkj2  c4jkj
2 0 0
0 1jkj2  c4jkj
2 0
0 0 1jkj2  c4jkj
2
2
6664
3
7775 ¼ 0 ð17Þ
Therefore the eigenvalue solution is performed on the following
nonlocal Christoffel equation.
ðIij  e2dijÞ  1jkj2
 c4jkj2
 !
dij
" #
¼ 0 ð18Þ
Only positive roots of the equation are considered after neglecting
the negative roots and the complex roots. The perturbation param-
eter c is selected as c < e/21/2 (Lazar et al., 2006). The iteration of c is
performed for the solution of nonlinear equation. For different val-
ues of the variable c the dispersion curves are plotted. A comparison
of experimental TOF with Nonlocal perturbation dispersion curves
shows that the value of c is 0.03. The experimental TOF and disper-
sion relation are discussed in Section 3. Perturbation in nonlocal
parameter c does not inﬂuence the dispersion relation at macro-
scale. As c is least sensitive to perturbation, it is assumed to be a
constant. A pico-second equipment to measure the time of ﬂight
(TOF) of the Lamb wave modes, the parameter c and other nonlocal
parameters will play a signiﬁcant role in this study. The investiga-
tion on the higher order nonlocal parameters will be investigated
in the future.
Fig. 1. Schematic of the experimental setup for Lamb wave propagation.
Fig. 3. Symmetric Lamb wave in laminated carbon composite plate excited
between 550 kHz and 750 kHz.
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3.1. Technique and experimental set-up
Guided ultrasonic Lamb wave is used to determine the TOF in
laminated carbon composite plate [0/45/0/45] of dimension
350 mm  19 mm  4 mm. The sandwich carbon composite was
simulated by laminating two plates of 2 mm thick with epoxy.
The epoxy was chosen such that its acoustic properties are similar
to those of the carbon composite to avoided impedance mismatch.
Material properties of the carbon composite are C11 = 128.8 GPa,
C12 = 6.9 GPa, C23 = 7.33 GPa, C44 = 3.8 GPa, C66 = 6.7 GPa and den-
sity = 1.56 gm/cm3. A schematic of the experimental setup is
shown in Fig. 1. The entire setup was secured in a thermal chamber
to avoid any perturbation in TOF due to variation in temperature.
Two broadband piezoelectric actuators (sensors) were attached
on both sides of the carbon composite plate for generating Lamb
waves in the structure. The dimensions of 0.5 mm thick piezo-elec-
tric sensors are 3 mm  19 mm. The actuators are piezoelectric
ceramic materials, manufactured from modiﬁed Lead Zirconate
Titanate (PZT) and Barium Titanate (BT). The piezo-electric sensors
used for this study have high curing temperature and high permit-
tivity. It has high coupling factor and low temperature coefﬁcient,
which is suitable for making low power non-resonating broadband
ultrasonic transducers. The direction of polarization of electrode
was perpendicular to the plane of the carbon composite. The sche-
matic diagram of the polarization of the piezo-electric transducers
and direction of propagation of wave are shown in Fig. 2.
To create delamination in the 4 mm thick laminar composite
plate, a sharp cut was introduced at 2 mm depth (in the epoxy)Fig. 2. Direction of polarization of PZT and trausing sharp diamond knife tip. The delicate small damage was
introduced by causing minimal to no disturbance elsewhere in
the plate. To study the effect of interface delamination the second-
ary plate was kept in contact with the primary plate (on which the
transducer was mounted). The contact was maintained due to the
residual adhesive property of epoxy. The residual adhesion and
elastic property of epoxy itself is an interesting topic which is
not the focus of the current research.
The arbitrary function generator (AFG) can produce electrical
alternating chirp signal with 25 MHz sampling rate with maximum
amplitude 24 volts. The AFG facilitates the excitation of two PZTs
at different times with constant phase difference. To generate sym-
metric guided waves, two PZTs were excited in phase, whereas for
anti-symmetric wave modes, the PZTs were excited out of phase
with p phase difference. During in-phase excitation, the piezoelec-
tric transducers compress and expand the structure simulta-
neously to generate symmetric wave mode. In anti-symmetric
excitation, one side is compressed and the other side is expanded
causing bending in the plate.
3.2. Symmetric guided wave propagation
Symmetric guided wave mode was generated in the laminated
composite plate using mode selective broad band transducer with
frequency bandwidth 550 kHz to 750 kHz, and the signal is shown
in Fig. 3. The time domain response received at two receivers’ end
was added arithmetically for the symmetric Lamb mode. High fre-
quencies are not easily propagated due to the woven structures,
and hence the frequency bandwidth 550 kHz to 750 kHz was
selected. At higher frequencies the guided waves suffer from strong
multiple reﬂections and attenuation. The multiple wave packets in
the transient signal indicate higher order modes or internal
multiple reﬂections. The Fast Fourier transformation (FFT) was per-
formed on the signals and it was found that the central frequency
was around 650 kHz (see Fig. 4). The time domain response from
the defective plate (delaminated) and its frequency spectrum are
shown in Figs. 5 and 6, respectively. It can be seen that the magni-
tude of the frequency response is comparatively higher. There is a
negligible shift in central frequency towards 650 to 640 kHz with a
bulge near 680 kHz. However with close observation it can bensmission of Lamb waves in the sample.
Fig. 4. Frequency spectrum of symmetric Lamb modes (550 kHz to 750 kHz) in laminated carbon composite.
Fig. 5. Symmetric Lamb wave in damaged carbon composite plate excited from
550 kHz to 750 kHz.
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and 960 kHz. 650 kHz is two times the frequency of 325 kHz and
960 kHz is very close to 975 kHz which is three times the
325 kHz frequency. In the subsequent sections we will investigate
these features of the frequency spectra in addition to the TOF cor-
related to nonlocal parameters.Fig. 6. Frequency spectrum of symmetric Lamb mode (53.3. Anti-symmetric guided wave propagation
Anti-symmetric guided wave mode was generated between the
frequency bandwidth 550 kHz and 750 kHz. The time domain re-
sponses at the two receivers were subtracted arithmetically for
the anti-symmetric mode. Even though attempt was made to ex-
cite pure anti-symmetric mode, PZT generates mixedmode of sym-
metric and anti-symmetric guided wave modes. Therefore, both
modes are present in the transient time history plots. Transient
signals for the anti-symmetric excitation in damaged and undam-
aged plates are shown in Fig. 7a and b, respectively. The frequency
spectra of the transient signals are shown in Fig. 8. The velocity of
the symmetric mode is faster than the anti-symmetric mode. Two
consecutive ﬁrst arrivals (TOFs) are measured from the two con-
secutive peaks obtained from the cross-correlation technique. De-
tailed feature extraction technique from the frequency spectrum to
quantify the nonlocal parameter is described in Section 5.50 kHz to 750 kHz) in damaged carbon composite.
Fig. 7. Anti-symmetric Lamb waves in (a) damaged and (b) undamaged carbon composite plates excited between 550 kHz and 750 kHz.
Fig. 8. Frequency spectrum of anti-symmetric Lamb waves in undamaged plate
overlaid on damaged spectrum for carbon composite plates (550 kHz to 750 kHz).
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4.1. Perturbation based Taylor series expansion
Let us consider elastic constants Cij for hexagonal anisotropic
material of density q. The mean values for the elastic constants
are assumed and listed in Section 3.1. Next, the nonlocal Christoffel
equation (Eq. (18)) is solved for unperturbed case with e = 0 and
c = 0. The quasi longitudinal, and two quasi shear wave velocities
along the x1 direction (ﬁber direction on top layer) and 45 to x1
direction (45 to the ﬁber direction) are obtained as 9.316 km/s
ðQ0cpÞ, 2.12 km/s Q0cs1
 
and 2.12 km/s Q0cs2
 
, 7.295 km/s Q45cp
 
,
2.54 km/s Q45cs1
 
and 1.91 km/s Q45cs2
 
, respectively for the com-
posite (0/45/0/45 sandwiched). Fig. 9 shows the angular wave
velocity dispersion in the anisotropic carbon composite plate.
Three proﬁles in Fig. 9 correspond to the quasi longitudinal and
two quasi shear wave velocities. The variation in speed of the ultra-
sonic waves is dependent on the degree of anisotropy.
The group velocity (or TOF) dispersion curves (Mindlin, 1955)
for the carbon composite (0/45/0/45) plate under investigation
are plotted in Fig. 10. The group velocity dispersion curves showonly the fundamental symmetric and anti-symmetric Lamb wave
modes ignoring the higher order modes due to their high
attenuation.
An attempt has been made to formulate an empirical equation
for symmetric and anti-symmetric group wave velocities using
the solution obtained from Christoffel equation with non local
parameters. It is shown that without nonlocal parameters the solu-
tion is non dispersive. The proposed empirical equations are valid
only within the guided wave frequency band in the target compos-
ite. This empirical equation will be a reasonable guess without
going through the generation of guided dispersion curves of the
plate during the real time interpretation. In the following expres-
sion the frequency band is bounded between x1 x2. The expres-
sions can be written as follows
SgðxÞ ¼ Fs½Qcpðx;0;0Þ;Qcs1ðx;0;0Þ;Qcs2ðx;0;0Þjx1x2
SgðxÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
440
439
Q0cpQ
45
cp 
1
526
x
Q0cs1
Q45cs1
 !2
 14
3x
Q45cp Q
0
cs1Q
45
cs1
Q0cs2
Q45cs2
 !vuut

ð19Þ
Sg and Ag indicate the symmetric and anti-symmetric group veloci-
ties in km/s, respectively.
AðxÞ ¼ Fa½Qcpðx;0;0Þ;Qcs1ðx;0;0Þ;Qcs2ðx;0;0Þtjx1x2
AgðxÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
64
25
Q0cs1Q
45
cs1539
1
x
Q0cp
Q45cp
 !2
þ 9
66
ﬃﬃﬃﬃ
x
p
Q45cs2
Q0cp
Q45cp
 !
57
25
x1=3
Q0cs1
Q45cs1
vuut
ð20Þ
The proposed empirical equation was tested for several composite
wave guides (glass ﬁber and carbon ﬁber reinforced composites)
with different material properties.
It can be claimed that the proposed empirical equation is suit-
able to obtain the group velocity dispersion curves in a 4 mm thick
laminated wave guide in the frequency range 450 kHz to 800 kHz.
The variation of the group velocity of anti-symmetric and symmet-
ric wave modes due to non local perturbations are plotted in Figs.
11a and 11b, respectively.
Fig. 9. Typical wave velocity variation in the carbon ﬁber composite with assumed material properties.
Fig. 10. Group velocity dispersion curves for laminated carbon ﬁber reinforced
composite plate with ﬁber orientation [0/45/0/45].
A. Shelke et al. / International Journal of Solids and Structures 48 (2011) 1219–1228 12255. Analysis of experimental results
The TOF of the ﬁrst arrival is determined using the cross corre-
lation technique applied to the time history obtained from the
undamaged and damaged composite plates. The experimental
TOF of the symmetric Lamb wave in 4 mm thick undamaged plate
and 4 mm thick damaged plate were 42.955 ls and 42.934 ls,
respectively. The experimental TOF of the anti-symmetric mode
in the undamaged and damaged plates were found to be 170 ls
and 171.5 ls, respectively. Such small differences in TOF can only
be obtained if the sampling rate of the signal is signiﬁcantly high
(Grill et al., 2010). Group velocity of the symmetric wave mode
in the undamaged plate is 8.1481 km/s and in the damaged plate
it is 8.1520 km/s, assuming that the length of the plate is constantduring the small damage. Group velocity of the anti-symmetric
wave mode in the undamaged plate is 2.0588 km/s and in the dam-
aged plate it is 2.0408 km/s. The experimentally obtained wave
velocities for the symmetric modes were actually lower than the
calculated wave velocities and are corrected by an optimization
technique discussed below.
The assumed material properties were much stiffer than the ac-
tual material properties. Now as we do not have actual material
properties we can readjust the material properties using the fol-
lowing process. This is the usual procedure to introduce material
variability using material perturbation parameter. The perturbed
constitutive law can be written as,
Cij ¼ C0ijþ 2 Cdij
 
ð23Þ
Material variability can be determined and the desired dispersion
curves can be obtained using the optimization process or Taylor ser-
ies expansion (Minachi et al., 1994) if sufﬁcient data are obtained in
real time. However, in real time, damage detection algorithms may
not have that luxury. Therefore, we propose to adjust the wave
velocity curves based on the nonlocal parameters. It is apparent that
at 650 kHz the wave velocity of symmetric mode with 8.1481 km/s
can be obtained at e = 1.71, but this value of e should have been
zero, if the correct material properties were assumed. In the pro-
posed algorithm we will make a zero correction and will shift the
curves as shown in Fig. 11b where e = 1.71. Similarly, the nonlocal
correction factor for anti-symmetric mode is e = 0.36. The anti-sym-
metric wave velocity in the delaminated plate is 2.0408 km/s. The
nonlocal parameter to obtain this velocity at 600 kHz (Figs. 8 and
11a) is e = 0.18. However, there is no contribution found from the
symmetric mode velocity (Fig. 11b) because the symmetric wave
velocity is increased due to the damage. To explain this phenome-
non one can argue that the delamination caused the local reduction
of effective thickness of the plate and wave mode was faster due to
the delamination. Whether, this is the real cause of this variation is
Fig. 11a. Nonlocal anti-symmetric guided wave dispersion relation offset with e = 0.36 for carbon composite plate.
Fig. 11b. Nonlocal symmetric guided wave dispersion relation offset with e = 1.71 for carbon composite plate.
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and may not cause reduction in effective thickness. If microscale
damage is incubated it is expected to have reduced wave mode
velocity in association with the frequency shift. Thus to capture
all possible phenomena the following damage index is deﬁned.
NDI ¼ ðfcaesaÞ
2 þ ðfcsessÞ2 þ ðfdaedaÞ2 þ ðfdsedsÞ2
ððfcaesaÞ2 þ ðfcsessÞ2Þ
2
ð24Þ
where, NDI = Nonlocal Damage Index. fca and fcs are the Central fre-
quency of anti-symmetric and symmetric wave modes, respectively
obtained from the sensor signal. esa is the nonlocal shift operated on
the nonlocal anti-symmetric wave modes.
ess is the nonlocal shift operated on the nonlocal symmetric
wave modes. eda is the anti-symmetric nonlocal damage parameter
from the shifted curve as shown in Fig. 11a. eds is the symmetric
nonlocal damage parameter from the shifted curve as shown in
Fig. 11b. The shift parameter manifests the material perturbationfrom the assumed values of the material (for real SHM applications
the actual material properties are unknown), whereas, the nonlocal
parameter manifests the perturbation due to damage in the mate-
rial. In this particular case eds is considered zero because the
frequency–velocity intercept (Fig. 11b) intersects above e = 0.
Therefore, hypothetically the damage index will increase if incuba-
tion of damage occurs and the wave velocity decreases due to
micro scale damage. But as soon as the damage becomes bigger
and delamination happens the effective thickness of the structure
reduces. Due to this reason the wave velocity increases when eds
or eda are equated to zero. The NDI drops instead of growing due
to the occurrence of macro scale damage in the composite plate.
The damage progression curve using NDI can be generated from
a fatigue test on a composite specimen. However, such experiment
was not performed here and will be investigated in the future it.
During this experiment the artiﬁcially fabricated damage was clo-
sely controlled, however, it can be seen that the delamination
introduced in the plate is signiﬁcant to cause no contribution from
Fig. 12. Flowchart to calculate progressive incubation of damage indicator using NDI.
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to NDI and sudden drop in NDI can be an indication of the occur-
rence of delamination. The proposed NDI can be tested and veriﬁed
by conducting a fatigue test and plotting the progression of NDI
using the algorithm proposed in this paper. Using the values ob-
tained from this study the NDI is 0.7821 where, fca ¼ 0:65;
f cs ¼ 0:65; f da ¼ 0:60; f ds ¼ 0:64; esa ¼ 0:36; ess ¼ 1:71; eda ¼ 0:18;
eds ¼ 0. The algorithm proposed in this paper is presented using a
block diagram in Fig. 12.6. Conclusions
The incubation of damage at the micro-scale has a global
macro-scale effect on the wave propagation in anisotropic solids.
Explicit expressions for the micro-scale Christoffel equation with
intrinsic length scale parameters are presented in this paper. Appli-
cations to real time interpretation of the low scale damage occur-
rence when the damage is not visually apparent or not detectable
using standard signal comparison techniques, is demonstrated
using a ﬂow chart.
In practical applications the composite may have several actua-
tors and sensors in a grid fashion to facilitate the monitoring of the
structure. In such cases total NDI can be calculated by adding the
NDI values obtained from each wave propagation path. Therefore,
the total NDI will be a function of the sensor network. The sensor
network can be divided into several segments or elements and
every segment can be represented by a unique NDI. The progres-
sive NDI can be plotted or tracked for every segment. If there is a
large sensor network the segment wise NDI plot can give an indi-
cation of possible occurrence of micro-scale damage or incubation
of damage. In this manner it will be possible to identify a hot spot
in large composite structures which is monitored by large sensor
network. At nanoseconds resolution, any micro-scale damage willshow signiﬁcant ampliﬁed changes in dispersion relation and var-
iation in nonlocal parameters. This study is applicable for forecast-
ing initiation of damage in advance by monitoring the progressive
evolution of the Nonlocal Damage Index (NDI).Acknowledgement
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